It is shown that the symmetry algebra of quantum superintegrable system can be always chosen to be u(N ), N being the number of degrees of freedom. * supported by KBN grant 5 P03B06021
Classical dynamical system of N degrees of freedom is called maximally superintegrable if it admits 2N − 1 independent, globally defined integrals of motion. They form the complete set of integrals and any other integral of motion can be expressed in terms of them. In particular, the Poisson bracket of two basic integrals, being again a constant of motion, is (in general, nonlinear) their function. We conclude that the integrals of motion for maximally superintegrable system form a finite W -algebra [1] , [2] .
An interesting question arises whether this algebra can be linearized to Lie algebra by a judicious choice of basic integrals. The answer to this question, for a large class of confining systems, admitting action-angle variables is positive [3] (see Ref. [4] for older papers on the subject, both in classical and quantum theory). Moreover, assuming that all action variables do appear in the hamiltonian, the Lie algebra obtained is universally u(N). The price one has to pay for this result is that the resulting integrals are usually quite complicated functions of basic dynamical variables.
The aim of the present note is to extend this result to the quantum case. The first problem which arises when passing to the quantum case is the very definition of quantum superintegrable system. We shall use the following one which seems to cover most intresting cases. Assume we have a set of commuting selfadjoint operatorsÎ k , k = 1, . . . , N (quantum actions) such that: (i) the spectrum of eachÎ k consists of the eigenvalues of the form n k + σ k , where n k ∈ N is any natural number and σ k ∈ R is fixed.
(ii) the common eigenvectors of allÎ k , | n >, n ≡ (n 1 , . . . , n N ), span the whole space of states (iii) the hamiltonian can be written aŝ
with m k ∈ N, k = 1, . . . , N; we shall also assume that all m k = 0. Let us also note that we can assume that m 1 , . . . , m N have no common divisor except one. We believe the above definition is flexible enough to cover known cases. Sometimes it may appear necessary to take an orthogonal sum of few Hilbert spaces described above to cover the whole space of states (the simplest example semms to be the planar Kepler problem).
The vectors | n > are eigenvectors ofĤ,
We see that the energy spectrum is degenerate: all eigenvectors | n > with N k=1 m k n k fixed give the same energy. To classify the degeneracy according to the representations of some symmetry algebra we make the following trick [5] . Let m be the least common multiple of all m k , k = 1, . . . , N, and let
. Moreover, let us put
Then the expression (2) for energy eigenvalues takes the form
Let r ≡ (r 1 , . . . , r N ) be fixed; define X r to be the subspace spanned by all vectors | n > such that n k = q k l k + r k ; within X r one can make an identification: | n >≡| q >, q ≡ (q 1 , . . . , q N ). The whole space of states is then the orthogonal sum of
When restricted to X r energy spectrum ofĤ takes particulary simple form described by eq. (4). The relevant symmetry algebra can be constructed as follows. First, we define the creation and annihilation operators a + i , a i , i = 1, . . . , N, as follows a
Assuming that the space of states carries irreducible representation of the algebra of observables we conclude that a + i , a i can be expressed in terms of basic dynamical variables (although, in general, in rather complicated way).
On the other hand, in each X r one can define another set of creation and annihilation operators
Obviously, the operators b + ri , b ri are expressible in terms of basic ones a + i , a i ; the relevant formulae read:
where N i ≡ a + i a i are the standard particle-number operators. Now, the operators b ri , b + ri can be used in order to build symmetry algebra in each X r . To this end let λ α , α = 1, . . . , N 2 , form the basis of u(N) algebra. Then the operatorŝ
have the following properties: (a) they are hermitean, (b) commute withĤ in X r , (c) obey u(N) commutation rules in X r . Having constructed u(N) symmetry algebra in each X r one can define the symmetry operators in the whole space of states X. Let Q r be the orthogonal projector on X r . Then the operatorŝ
span the u(N) symmetry algebra in the total space of states X. It remains to construct the projectors Q r . It is easy to check that the following operators do the job
Concluding, we have shown that the quantum integrals of motion can be always chosen in such a way that their algebra becomes a unitary Lie algebra.
